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Abstract— We study the communication rate requirements for
centralized and decentralized control schemes when the plant and
the controller are connected via a noiseless bandlimited channel.
We introduce recursive quantizers that achieve monotonic bound-
edness and exponential stability of the worst-case state estimation
error with minimum rate. Rate requirements for centralized
schemes are shown to be lower than those for decentralized
schemes. A quantification of the information sharing between the
controllers, such as full, instant, and one-step delayed information
sharing, is shown to crucial for communication requirements and
complexity. Slepian-Wolf coding argument is used to show that
information sharing by the controllers, and not by the plants, is
sufficient to achieve the lower bound on the rate, and schemes
confirming this efficiency are constructed. It is also shown that
delay in communication between the controllers leads to higher
rate requirements between the controllers and the plants.

I. INTRODUCTION

Control of physically distant systems has emerged as a
major research topic in recent years. Such systems require
a joint analysis of communications and control for system
design and optimality, since effects of communication con-
straints such as finite precision, delay, bandwidth consumption
and decentralization might affect the system characteristics
dramatically. A diverse range of structures and models have
been analyzed by various authors, with a selected incomplete
list of such work being [2], [3], [4], [5]. [6], [7], [8], [9]
All these address issues in the context of centralized systems,
with decentralized systems not having attracted much attention
heretofore. Our goal here is to study such systems from the
point of view of bandwidth limitation and its effect on control
performance under various information structures.

The organization of the paper is as follows. We first intro-
duce, in section I, the class of systems and the issues to be
studied, and provide a brief overview of quantization, before
considering, in section 111, the centralized case. In section IV,
we extend the analysis to decentralized systems and consider
coding and decoding schemes for LTI systems with different
information sharing structures involving the plants and the
controllers, which are connected via a band-limited channel.
The paper ends with simulations presented in section V. Due
to page limitations, all details of the derivations could not be
included here; they can be found in the full paper or [1].

Il. PROBLEM DESCRIPTION
We consider discrete-time LTI systems of the form
Tiy1 = Axy + Bug, t >0, (1)
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where A is an n xn matrix, B is an n. x m matrix, and « is an
m—dimensional control vector. For ease of presentation, we
assume throughout that the matrix A has only real eigenvalues.
The initial state vector zg is assumed to be the realization of
a random vector X, with a finite support set. The controller
and the plant are separated by a bandlimited communication
line, and the controller generates the control signal « based on
guantized information it receives on x, under some information
structure to be delineated later. The objective is to design
optimal dynamic quantizers, @ := {Q:(X), t = 0,1,2,...}
and encoder-decoder pairs under some stability criteria. Before
introducing these criteria, we first recall the notions of a
quantizer, and support width of a random variable.

Definition 11.1. [10] A quantizer Q(z) is a function that
maps a large, possibly infinite, set (where a variable z takes
values) into a smaller finite set (where the quantized values
lie), and is characterized by a set of thresholds or bin edges
that partition the input space into quantization bins and a
set of reconstruction values as the representative values of
the corresponding bins. The class of all quantizers compatible
with the underlying information structure is denoted by Q.

Definition 11.2. For a scalar (one-dimensional) random vari-
able , the support width, W, is the width of the domain over
which the probability density function is non-zero:

W(X) = /1(f(:c)7é0)dl"

For a multi-dimensional random variable, the support width
is the sum of the support widths corresponding to each of the
marginal densities.

The stability criteria for selection of appropriate quantizers

are now given below. Throughout, we let Z; denote the least-
squares estimate of xz; at the receiver (controller) based on
all the quantized signals available at the receiver up to (and
including) time ¢, and let e; := x; — &; denote the deviation of
this estimate from the true value of z;; to economize notation,
we will sometimes drop the subscript “¢’.
Stability Criteria: Let there exist a causal time-invariant
quantizer ¢ under which, for some a € (0,1), W(ety1) <
aW(e;) ¥Vt > 0. Then we have exponential stability in
uncertainty. If the same holds with only a = 1, then we have
monotonic boundedness in uncertainty.

Our objective is to construct quantizers which will lead
to either exponential stability or monotonic boundedness. If
the error e is uniformly distributed, then the above will
imply monotonic boundedness and stability, respectively, in



the entropy of the state estimation error. Note that a forward-
looking criterion [2] is also possible, which is not considered
here.

I1l. CENTRALIZED SCHEME
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Fig. 1. System structure.

In centralized schemes, there is a single plant with a single
controller, and hence in essence the system is a single multi-
dimensional system (Fig. 1). To design such a scheme with
digital noiseless channels, one needs to investigate vector
quantization, which is a slight generalization of scalar quanti-
zation, where the quantization bins and reconstruction values
belong to higher dimensions (see [10]). Vector quantization
has a higher degree of freedom over scalar quantization of
vector components, since for the quantization the components
can have a joint density which does not have to be of product
form. For the implementation, since the analytic derivations
for the optimal quantizer design are difficult to obtain, the
optimization is performed over training sequences which are
basically the samples generated according to the underlying
stochastic distribution [13]. In general, the advantage of vector
quantization over scalar quantization of vector components
diminishes as the statistical dependence between the vector
components decreases. A scheme to achieve independence
would be to apply a mapping by conditioning, so as to
have statistically independent components. This method is
appropriate for control systems, which can be converted to a
diagonal or a lower triangular form where there is a causality
in the evolution of the vector state components, and the
conditioning on the previous components will yield a scalar
distribution per each component. We will thus use a sequential
scalar quantization of vector components in our analysis. We
assume that the system matrix is diagonalizable, which will
lead to independent evolution for each component.

The motivation for this is that for a scalar system, the
quantization error converges to a random variable with a
uniform pdf, as stated in the following lemma [1], [2].

Lemma Il1.1. Let x( be the realization of a random variable
X, with a continuous probability density function fo(.) and
with finite support [—|a|A, |a]A], and suppose that at each
time step, x;y1 = ax; IS quantized successively using an
|a| level uniform quantizer, where |a| is a non-zero integer.
Then, the Kullback-Leibler distance between the uniform error
density and conditional quantization error density (the quan-
tization error for a specific bin) converges to zero as ¢t — oc.

We now consider the general n-dimensional system.

Theorem 111.2. Consider the n-dimensional system x,,; =
Axy + Buyg, with A being diagonalizable, with real eigen-
values A\;, ¢ = 1,...,n. If one applies sequential time-
invariant scalar quantization, the rate required for the
boundedness of the worst-case estimation error is at least
>, max(0,logy(|A;])). For exponential stability, the rate re-
quired is strictly larger than this amount.

Proof. First we will use an information theoretic approach
to obtain the ultimate lower bound and then use a quantization
technique to show that this bound is achievable. A can be writ-
ten in the form A = TIAII"!, where A = diag(A1,. .., \,).
If the components are made statistically independent by con-
ditioning along with the coordinate transformation, the rate
required will be the sum of the rates required for each scalar
subsystem. Using Lemma I11.1, the distribution for the error
will be uniform after a sufficiently large number of steps. In
this analysis, since the control functions are transferred with no
loss, they do not contribute to the evolution of the uncertainty.
For any scalar subsystem, for any stage i, the rate is lower
bounded by the minimum mutual information between the
state and its quantized value:

. NP P |
R > glenglf(lil% sil2g )

= H(wi|&§ ") — H(xi|2:, 257", (2

where 553‘1 denotes the past information of the quantizer
outputs, which are available both at the transmitter and the
receiver. Since the system is Markov, the entire information
that can be inferred from the past is captured by the latest
guantization outcome [11], and is useful in the construction
of the encoder and decoder since it is available at both sites.
Thus (2) becomes

R >

in I (2|25 —1; 2|2 —
R (CA AL
= H(z|®-1) — H(zi|2i, &i-1) 3
and since z; = \jx;_1,
H(zi — &i|2;) 2 logy(I\i]) + H(wio1 — &i-1]2i-1) — R.

Therefore, we need to have at least an additional log,(|\;])
bits per stage to make the entropy nonincreasing.

Using a quantization theoretic argument, let the ith eigen-
value be )\;, and let the associated estimation error have a
support width of A;. After one time step, the support width
will be | \;|A;. If a time-invariant K;-level uniform quantizer is
used at each stage, the support width in the next stage becomes
'I’\{—?‘A, which will be stable only when K; > |);|. If one uses
fixed code length for each of the quantization bins, with a
length of log,(K;), the minimum rate required for bounded-
ness is log,(|A;|). Thus, the information theoretic bound is
indeed achievable by a single step quantization approach, if
the eigenvalue is an integer. If \; is not an integer, a rate
better than log,([|A:|]) can be achieved using the distortion
constrained entropy minimizing quantizer introduced in [2].

Sufficiency and construction.  The error in the estimation
of the state will be quantized and fed into the channel,



as depicted in Fig. 2. Let X\; be the eigenvalue of the ith
subsystem after diagonalization, whose state is denoted by z?.

) )

Quantizer| &)
Q) Channg t
)b aA()huft)

Fig. 2. The quantization scheme; a represents A;.
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Then, the scalar system equation for the ith subsystem is
zi, = Nz + buy, where b is a row vector. Let & denote
the estimate for z¢ using quantized information. Define the
error e as

€ip1 = Ty — Ny — buy. (4)

Let é° be the quantization outcome of the error, e. Then, at
the receiver we have; &, = \i#} + b'u; + €, ;. These lead
to: e}, = \i(x} — 7). Also, we have x; — 7} = e} — é].
Thus, we reduce the error on the state to the error in the
estimation. Finally, the following recursion follows:

eiy1 = Aile; — €)). ©)

Thus, the error introduced by the quantization becomes the
signal to be quantized at the next stage. To ensure the
estimation error to be a nonincreasing sequence, it suffices
to enforce E|[(e!)?] < E[(ei_;)?], which corresponds to

El(e})’] 2
ey 2> i (6)
El(et — ;)]
The proof is now completed with the following:

Lemma 111.3. In an LTI system with a uniformly distributed
initial state, for uniform quantization to ensure that the estima-
tion error variance is a nonincreasing sequence with respect
to time, the rate R > . max(0, log,(|A;])) bits per sample.

Proof. Assume that the current support of the uniform pdf
is [-A, A]. If we use a K-level quantizer, the variance in the
guantization error will be (1/3)(A/K)?, and the variance of
the error at the next stage will be (A\?/3)(A/K)? and from (5)
we want this to be smaller than A?/3, which means that we
should have |\;| < K. We therefore need a quantizer with the
number of levels at least as large as |\;|, and to achieve a given
K number of levels, we know that we need R = log,(K)
(since the symbols will be uniformly distributed the bit rate is
identical to the entropy of the random variable). Hence,

Rz} max(0,logy(1Ai])). (7)

Corollary 111.4. Given a uniformly distributed input, for any
recursive time-invariant quantizer to achieve exponential sta-
bility of the state estimation error variance, the rate has to be
strictly greater than ). max(0,log, |A;|). This is achievable
by any K; level uniform quantizer with K; > |\;|.
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Fig. 3. Decentralized structure

Remark. Rate-distortion theory provides the ultimate bound
for the rate required to achieve a given level of distortion [12].
In most cases, the rate distortion bound is not achievable by a
single step quantization and requires long block codes, which
is not appropriate for control since it could entail significant
delays. Nonetheless, we find the bound obtained by such an
analysis useful, as the following shows [1].

Proposition 111.5. For a linear system z;y; = Az, where
the initial state zo is uniformly distributed and the type
of quantization is uniform, the bit rate required for mono-
tonic boundedness of the state estimation error entropy is
max (0, Y. logy(]Ai|)), where \;’s are the eigenvalues of A.

IV. DECENTRALIZED SCHEMES

For the decentralized case, we consider an LTI system of
form in (1), where B = diag(by,...,b,), Ais an n x n
diagonalizable matrix with real eigenvalues A1, Ao, ..., Ay, 2y
is an n-dimensional state vector, and « is an n-dimensional
control vector. Since B is diagonal, all the control terms have
direct impact on the associated state with the same index i,
1 < n. Thus the system is decentralized in the sense that each
controller state pair, a subsystem, is decoupled from the other
ones as is depicted in Fig. 3. Thus, for instance, for the ith
component (x*) of the state, the evolution will be:

. . ) _
Ti = 0Ty + apr; + ...+ apnTy + biug (8)

In case there are no communication and quantization effects,
ui will be a function of the perfect state information available
to it. If the controller has access to all the observations
corresponding to other state components and the control
functions, then the system will effectively be a centralized
one. In contrast, we consider in this section the situation where
each controller does not have access to the control functions
used by the remaining controllers, and we investigate different
cases where various different types of information of state and
control are available through the channels to the controllers,
which is related to the amount of communication among the
controllers. The primary interest is to introduce a rate analysis
for reliable state estimation.

A. Plants and controllers share the state estimates

In this scheme, the estimated states, but not the control
signals, are shared between the controllers. As a further



assumption, the encoder is assumed to have access to the cor-
responding receiver’s information. In this case if we condition
on the immediate past, due to the Markov property of the state,
the further past data will be of no use [11]. Let us consider
the first component: If we subtract the predicted value

.1 2 . 1
a1 + a1 + ...+ a1p2” + biu,

from the actual state z;,;, the innovation to be sent will
be the sum of the individual quantization errors, which are
independent given the past state estimates.

Here an asymptotic analysis is possible, as well as a
recursive one. Even if the initial distributions are uniform for
each component, the quantization error at a later time will not
be uniform due to the additive nature in the noise terms, whose
probability density computation requires a series of convo-
lution operations. Note that the main difference between the
centralized scheme and this scheme lies in the unavailability of
the control signals. If those were also known, then the system
could be transformed into a diagonal form, which would lead
to the analysis done in the centralized case.

Proposition 1V.1. Assume that the initial state of each sub-
system has a finite support pdf. If fixed length coding is used,
the rate required for exponential stability of the worst-case
error is strictly larger than ). max(0,log,(|A;])). To achieve
boundedness, the rate required is lower bounded by the same.

Proof. Since the information structure above is inferior to
the sequential scalar quantization case discussed earlier, the
rate required for that case can be regarded as a lower bound
for the scheme under consideration for this case. Note that
in the decentralized scheme, sequential analysis is inevitable,
since a joint analysis is not possible. o
The above analysis is based on an information theoretic
argument. Now, we restrict the analysis to time-invariant
quantizers with fixed length codes, where the signal to be
coded will be the state conditioned on the information set.

Proposition 1V.2. To achieve boundedness of the quantization
error with a time-invariant quantizer, with fixed length code-
words, the minimum rate required is given by the solution of
the following optimization problem: Let A+ be obtained by
replacing all entries of A with their absolute values, and let
K denote the class of diagonal n x n matrices K (with the
ith diagonal element denoted by K;), where % are integers,
and further KX A is stable. Then, the optimization problem is:

Rzm,gnZlogQ(l/lKnD. 9)

Proof. Due to Markovness of the system, for the ith com-
ponent, the signal to be quantized is the conditioned state on
the quantized data of the previous state:

Ct+1 = (xi+1|j;%ai‘t2a s a‘fjn7bu%)7

which is identical to

a71(l’tlfi’%)+a12(I%71A7%)+ T

+ aip(zf — 7).

(10)

Defining the quantization error for each component: ¢! :=
(zi — &%), we have e}, | = a;1qi +ai2q? + ...+ a;ng)’, Which
in matrix form is e;y; = Ag;.

Assuming that the initial condition for each component z
to be bounded, not necessarily being uniform, at time ¢ before
quantization, the support width 7/ of the random variable to be
quantized, e, will be |a;1|A} +.. .+ |a;,|AT. If one uses a K;;
level uniform quantization, the support width of each bin will
be (lai1|Af + ...+ |ain|A})/K;;, and using this approach
for each dimension: A, 1 = KATA,.

Thus, the problem is reduced to a linear system problem,
and the stability of the estimation error can be investigated
by finding the eigenvalues of the matrix K A™, and requiring
them all to be in the unit circle. The rate required is the sum of
the logarithms of the numbers of levels for each subcomponent
in the system, and is thus equal to ", log,(max(1, K%_i)). o

In case no information is transmitted for a particular sub-
component of the control system, the number of levels required
can be taken to be 1, since the rate required will be zero.
Therefore the matrix K has elements at most equal to 1 on
the diagonal. Thus, an optimization problem can be posed as:

mlcinZlogQ(l/|Kii|), (11)

which is the minimum achievable rate. But since
> loga (1) logy [T 27, logarithm is a monotonic
function, and K is diagonal, the problem reduces
to one of finding the optimal K, matrix solving
det(Kyp) = maxy det(K).

Proposition 1V.3. When A is a diagonal matrix, the minimum
fixed code length data rate as the solution of (11) is R =
> 10go(C(|Ai])), where C(x) is the smallest integer that is
strictly larger than = (and is thus a modified ceiling function).

Proof. When A is diagonal, the condition for stability is
identical to: ‘K—l‘ > |A;| . To achieve strict inequality using
the constraint that 1/K; is an integer: If \; is not an integer;
7%= = [(IXi]]), whereas if \; is an integer, - = [\ + 1.
Thus, the rate is: R = >, log, (C'(|As]))- o
Remark. If the pdf is uniform, a lower rate can be achieved
using the distortion-constrained entropy minimizing quantizer

[2], which exploits the advantage of variable length coding. ¢

Proposition 1V.4. The optimization problem (9) admits a
solution for any diagonalizable matrix A.

Proof. If one uses (1/K;;) = C(max; [\;]) =: [An], the
matrix K AT can be expressed as:

KAt =KS™'AS = ﬁS‘lAS = S—1|<\—|S,

which has all its eigenvalues in the unit circle. The rate in
this case becomes: R = nlog,(|\,|). There are only finitely
many choices for the matrix K which are better than the one
proposed, and there should exist at least one solution. o



B. Only the controllers share the state estimates

We now consider a structure where the plants do not
communicate with each other, and where the controllers share
their data regarding estimation. Since each is able to compute
the necessary control function after receiving the estimates
from the other controllers, the controllers do not have to share
the control functions. We now state the following:

Proposition I\V.5. To achieve boundedness of the quantization
error with a time-invariant quantizer, with fixed length code-
words, the minimum rate required is given by the solution of
the problem introduced in Proposition 1V.2, and thus there is
no loss of performance when compared with the case where
the subplants have access to the estimates at the controllers.

Proof. The conceptual proof is based on the Slepian-Wolf
coding theorem [14]. Slepian and Wolf showed that if some
random data are not available at the encoder, but are available
at the decoder, then the data rate can still be decreased by
conditioning on the information available at the decoder.

Consider a 3-dimensional system. Then, the Slepian-Wolf
theorem says that (also using the Markov property) the rate
required for each channel is bounded from below by:

R > H(xj |y, 27, 7). (12)
Thus, in theory, there is no loss in optimality, and the com-
munication between the controller and the plant with regard
to the state information is unnecessary. Below we show that
this is indeed the case in practice as well.

Construction. Obtaining constructions that achieve Slepian-
Wolf coding efficiency remains a difficult and open problem.
Schemes that use long block codes and codes with memory
are available, but these are mostly impractical for control
systems because of the significant delay they entail. There
are approaches based on binning and coset formation ([15],
[16]) that are more practical but mostly optimal only in the
asymptotic sense. However, for the problem we consider,
Slepian-Wolf gain is indeed achievable with a single step
quantization using a binning-type argument. The approach
we take is based on a uniform quantization interpretation
and exploits the optimality based on the assumption that the
quantization and estimation errors are bounded.

The data to be sent, =, can be written as z},, = a;%; +
a;q:, where &, is the vector of the state estimates available
at each subcontroller, ¢, is the vector of quantization error at
time ¢, and a; is the ith row of matrix A™. In this problem
the side information available is the term z,.

The goal again is to have a nonincreasing sequence for the
support width of the estimation error density. Assume that d:
is the support width of the uncertainty of =i, and suppose that
dflt is the support width of the random variable a;q,. Since the
support width dy, is to be finite, the side information and the
state differ at most by the width of the support, and this will
be the idea behind the construction scheme. As seen from Fig.
4, there are n cosets, where n is 4 in the figure. The quantizer
therefore needs only inform the receiver which coset the data

Cl C2 C3 C4 C1 C2 C3 C4 C1 C2 C3 ¢4

Fig. 4. The decoder can decode the signal by just knowing the coset.

belongs to. The receiver will use the coset and decode the
signal using the available side information. The rate required
will then be log, (d!,/d").

Let us assume that the encoder sent C'1. In this case, the
receiver will just need to choose between the possible bins in
the coset. Since it is assumed that there is always a nearest
one without ambiguity, the evolution of the vector d, will
be (d)i41 = ATd,. After quantization, diy = (1/K;)dy,
which is equivalent to d;1 = (1/K;)A"d;. Now, define K
as the diagonal matrix consisting of the reciprocals of the
number of quantization levels on its diagonals. Recognizing
this expression from the previous section, an optimization
problem can be proposed as in (11). o

C. Information sharing is delayed

We now consider a different scheme where information on
the stage before the last one, including the control values, is
available. Consider the first subsytem. Before quantization

) ) , .
Qi1 = 011G; + a12 E a2iGi_1 + a13 E aziqy_ 1+ ...
i i

Thus, in vector form, after quantization, we have:

Ges1 = K((A - diag(A)) A)g,—1 + Kdiag(A)ge.  (13)

Now, for the worst case estimation error, we need to consider
the absolute entries of the above matrices. Defining N :=
(A — diag(A))A, for the support size W of the estimation
errors, we have

Wis1 = K(NT)W;_; + Kdiag(AT)W,. (14)

Let KC,, denote the set of diagonal positive and real matrices K
satisfying stability condition in system (14). The second-order
system in (14) can be reduced to a first-order system in the
usual way: Define W,_1 = r;, W; = p;. Then (14) becomes:

Te1| _ T B.— 0 I
pey1| O |pe])’ T |KNT K(diag(4%)).
The optimization problem is to find a K such that
det(Kp) = max det(K). (15)
Proposition 1V.6. When A is diagonal, (15) is equal to
R="log,(C(INi])-
Proof. Identical to the full information-sharing case. o

Remark. (14) has fewer requirements than the scheme where
the controller ignores its very last estimate of its associated



state information, which would lead to ¢;,; = K[A?]Tq_.
This rate could also be used as an upper bound on the rate
requirements, which would yield a rate of nlogs(|A\mazl),
where A4, is the maximum eigenvalue of [A2%]*. o

Hence, there is a trade-off: as delay in communication be-
tween the decision makers increases the rate required between
the plants and the decision makers increases.

V. SIMULATIONS

A. Centralized scheme:

We consider a centralized system with a random initial state
vector, where each component is i.i.d., uniformly distributed
n [—1,1]. The system equation is as in (1), where

—4

1
A= 3
2

TN N

1
2
Since controls have no effect on the evolution of uncertainty,
they will be taken to be zero in the simulations without any
loss of generality. In Fig. 5, stability of the state estimation
error is illustrated. The rate used is ), logy([|A\i]]) = 6.49
bits/stage, and stability in estimation error is achieved. The
results confirm the analytical results, since the rate used is
greater than the minimum required rate in (7).

Fig. 5. Centralized scheme

B. Decentralized Schemes

1) Side information on estimates is available: Same system
as above is used for the simulation in a decentralized setting.
The rate R = 6.49 bits/stage, which was a stabilizing rate
for the centralized scheme, is used and an unstable output
is obtained (Fig. 6). However, if R is increased to say

" b
@ @mowon

Fig. 6. Decentralized unstable system

R = 8.4221 bits/stage, stability is achieved (Fig. 7). Here
the number of levels is the ceiling function of the eigenvalue
of AT with the maximum absolute value, which is 7.

Fig. 7. Decentralized stable system

2) No side information at the plant: We consider a scalar
system, where the plant does not have access to the side

info

rmation at the receiver. The state evolves as

Ti41

1.524 + bu,. The rate used in the simulation is 2 bits/stage. A
time-invariant quantizer is used, and Slepian-Wolf efficiency

and
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stability is achieved (Fig. 8).

8. Stability in estimation with no estimator information at the plant
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