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Abstract

In this paper we considera ' -irreducible cortinuous parameter Markov process whose
state spaceis a general topological space. The recurrence and Harris recurrence structure
of is deweloped in terms of generalized forms of resolvent chains, where we allow state-
modulated resolvents and embeddedchains with arbitrary sampling distributions. We shaw that
the recurrencebehavior of such generalizedresolherts classi es the behavior of the continuous
time process;from this we prove that hitting times on the small sets of a generalizedresolvent
chain provide criteria for, successiely, (i) Harris recurrenceof (i) the existenceof an invariant
probability measure (or positive Harris recurrenceof ) and (iii) the niteness of (f) for
arbitrary f.
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1 Intro duction

The stability and ergadic theory of continuous time Markov processedas a large literature which
includesmany di erent approadies. One sud is through the useof assaiated discretetime \resol-
vert chains". The recurrencestructure of the processand that of the resolvent chain are essetially
equivalent [1] and, since the analysis of discrete time chains is well understood [20], this result
simpli es the analysis considerably

In this paper we dewelop two generalizedforms of the resohent (1), and isolate a speci ¢ type of
subsetof the state space(a \p etite set”) suc that the behavior of the generalizedresolert chains
on sud a set provides criteria for Harris recurrenceand positive Harris recurrence. This extends
the approad in [23], where cortinuity conditions were neededon the transition probabilities of the
chain to acdhieve similar results.

We suppose that = f {:1t 2 IR.gis atime homogeneousMarkov processwith state space
(X;B), and transition semigroup (P!). For ead initial ¢ = x 2 X, the process ewlveson the
probability space( ;F;P), where denotesthe samplespace. Further details of this framework
may be found in [22].

It is assumedthat the state spaceX is a locally compact separablemetric space,and that B is the
Borel eld on X. We assumethat is a Borel right process,sothat in particular  is strongly
Markovian with right continuous samplepaths [22]. When an evert A in samplespaceholds almost
surely for every initial condition we shall write \ A holds a.s.[P ]".

The operator P! acts on bounded measurablefunctions f and - nite measures on X via
Z Z
P (x) = PYx; dy)f (y) PY(A)= (dx)P(x; A):
X X

The resolventfor the processis de ned as

Z,
R(x; A) = e 'PY(x;A)dt; x2 X;A2B: (1)
0
For a measurableset A we let
Z,
A= infft 0: {2 Ag; A= 1f {2 Agdt:
0

A Markov processis called' -irr educible if for the - nite measure' ,
"fBg>0=) E[]>0; X2 X:

As in the discrete time setting, if  is ' -irreducible then there exists a maximal irreducibilit y
measure sud that for any other irreducibility measure [20]. We shall resene the
symbol for such a maximal irreducibilit y measure,and we will let B* denotethe collection of all
measurablesubsetsA X sud that (A) > 0. We will say that A is full if (A€ = 0.

Supposethat, for some - nite measure' , the event f o = 1g holdsa.s.[P ] whenewer' fAg> 0.
Then is called Harris recurrent: this is the standard de nition of Harris recurrence, which is
taken from [2]. Clearly a Harris recurrent chain is ' -irreducible.



Using two di erent forms of generalizedresohent we will show that Harris recurrenceis equivalert
to a (formally) much weaker and more useful criterion, and we will derive a criterion for Harris
recurrencein terms of petite setsde ned in Section 3. The following summarizesthe results proved
in Theorem 2.4, Proposition 3.4, and Theorem 3.3:

Theorem 1.1 The following are equivalent:

(i) The Markov chain is Harris recurrent;
(i) there existsa -nite measure suchthat Bif A < 1g 1 whenever fAg> 0;

(i) there exists a petite set C suchthat Pif ¢ < 1g 1

A -nite measure on B with the property
z
fAg= P'fAg= (dx)P'(x;A) A2B;t O

will be called invariant. It is shown in [8] that if is a Harris recurrent right processthen an
essetially unigue invariant measure exists (seealso[2]). If the invariant measureis nite, then it
may be normalized to a probability measure,and in practice this is the main situation of interest.
If is Harris recurrent, and is nite, then s called positive Harris recurrent.

Again through the use of generalizedresolerts, we nd conditions under which is nite, and
indeedfor which (f) < 1 for generalfunctions f . Theseinvolve expected hitting times on petite
sets, but becauseof the corntinuoustime parameter of the processwe have to be careful in de ning
sud times.

For any timepoint Oandany setC2 Bdene ()= + c asthe rst hitting time on C
after : here isthe usual backwards shift operator [22]. The kernel G¢(x; f; ) is de ned for any
X and positive measurablefunction f through

h () i
Ge(x;f; )=E . f(¢)dt; (2

sothat in particular for the choiceoff 1

Ge(x:X; )= Ex[ c( )]

is (almost) the expected hitting time on C for small . The classi cation we then have is

Theorem 1.2 If is Harris recurrent with invariant measure then

€)) is positive Harris recurrent if and only if there existsa closal petite setC suchthat for some
(and thenany) > 0
SupE[ c( )< 1; (3)
x2C

(b) if f 1is a measurable function on X, then the following are equivalent:
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() There exists a closal petite set C suchthat

supGe(x;f; )< 1
x2C

for some(and then any) > O;
(ii) is positive Harris recurrentand (f) < 1.

Part (a) of this theoremis a special caseof part (b), with f  1; and both are proved in Section4.

The identi cation of petite setsis therefore important, and in [17] we show that under suitable

continuity conditions on the generalizedresohernts, all compact sets are petite. These are much

wealer than those in the literature, even for special classesof processesand they certainly hold

if the resolvent has the strong Feller property that R(x;f) is continuous if f is bounded. In the

special caseof di usion processeson manifolds, necessaryand su cien t conditions under which

the resohent of the processpossesseshe strong Feller property have been obtained in [4] (see
also[10, 3, 11, 12]). Strong Feller processesare however a relatively restricted classof processes.
Under the condition that the excessie functions for the resolert-chain are lower semicortin uous,

characterizations of recurrenceare alsoobtained in terms of hitting probabilities to compact subsets
of the state spacein [8]: these are similar to those we nd for petite sets, but the conditions for

petite setsto be compactin [17] appear much weaker than the conditions usedin [8].

Thus the results preseried here unify and subsumemany somewhatdiverseexisting approacesto
recurrencestructures for Markov processes.

In [17, 18] we usetheseresults in a number of ways, giving not only the characterization of compact
setsaspetite sets,but alsodewveloping a Doeblin decomposition for non-irreducible chains, veri able
characterizations for ergadicity and rates of convergence,and conditions for corvergenceof the
expectations E[f ( )] for unboundedf .

2 State-mo dulated Resolvents & Harris Recurrence

The certral idea of this paper is to considerthe Markov processsampledat timesfT(k) : k 2 Z. g.
Thesetimes will sometimesform an undelayed renewal processwhich is independert of the Markov
process , or a sequenceof randomized stopping times. In either case,the sequencef T (k)g will

be constructed so that the processf g is a Markov chain ewlving on X, whoserecurrence
properties under appropriate conditions will be shavn to be closelyrelated to those of the original

process.

This extends the now-classical form of analysis using the resolernt for the process. The kernel
R(x; A) in (1) is clearly such a Markov transition function, with transitions given by sampling the
processat points of a Poissonprocessof unit rate. The Markov chain  with transition function R
will be calledthe R-chain. If A denotesthe rst return time to the set A for the,R-chain, we shall
let L(x; A) = B( a < 1) denotethe hitting probability for the R-chain, G = R" its potential
kernel, and we set

hxe i

Ge(x;A) =B  1a( k)
k=1



For any xed constart > Olet T bearandom time which is independen of the process with
an exponertial distribution having mean 1. We de ne

Z,
R (x;A) = e 'PYx;A)dt
0
sothat the transition function R hasthe interpretation

R (x;A)=Rf 1 2Aqg: 4)

If we set z,
U (x;A) = e 'Pi(x;A)dt
0

then U alsohasthe probabilistic interpretation

h T [
U (x;A) = E 1( (2 A)dt (5)
0
When = 1, of courseboth of these expressionscoincide and are equalto R(x; A).
We will consider Markov chains derived from , in two di erent ways which extend the idea of

resolent chains. The de nitions of irreducibilit y, Harris recurrence,and positive Harris recurrence
have exact analoguesfor suc discrete parameter chains. See[15, 20, 21] for these concepts.

In this section, the de nition of the chain R derived by exponertially sampling at rate is rst

generalizedsothat , the rate of occurrenceof the \sampling time" T , may depend upon the value
of the state ;. When the rate function is appropriately de ned the random time T becomesa
randomized stopping time for the process.This givesrise to a classof kernelsintro duced by Neveu
in [19] which allow detailed connectionsbetweenthe recurrencestructure of a Markov processand
the generalizedresohernt chains.

Let h be a bounded non-negative measurablefunction on X, and de ne the kernelsRy; Uy by

hZ 1 n Zy o i
Rn(x;A) = E , P h( s)ds h( )1a( ¢)dt; (6)
hZ 1 n Z o i
Un(x; A) = Ex , &P h( s)ds 1a( ¢)dt: (7)
We have R (x;f) = Up(x; hf) and R, = R whenh . A key use of this generalizedresolent

occurs when h is taken as the indicator function of a measurableset B: in this casewe write
Ug = UlB' and Rg = RlB'

The probabilistic construction of U, and Ry, enablesusto write down analoguesof (5), (4) for general
h. On an enlarged probability space,de ne a randomized, possibly in nite valued, stopping time
Th by

RfTh2[t;t+ ] jThn tFy9= h( ¢)+o() : (8)
In the special casewhere h 1, Ty is independert of and possesses standard exponertial

distribution. In general, the distribution of Ty, is exponertial in nature, but the rate of jump at
time t, instead of being constart, is modulated by the value of h( ).



With Ty sode ned we have
h [
Rn(xf)=Ex f( 7,)1fTh < 1g 9)
h T, [
Un(x; f) = Ex f( s)ds (10)
0
whene\er the right hand side is meaningful. This givesa recurrencecondition for niteness of Ty,
shawn initially in [5].

Theorem 2.1 The following relation holds:

h n Z3 oi
Rh(x; X) = Up(x;h) = 1 Ex exp h( s)ds (1)
0

R
Hence Ry(x; X) = 1if and only if Rf 01 h( s)ds=1g = L

Pro of Note that by (9) the kernel Ry, is probabilistic if and only if T, < 1 a.s.[P]. We then

have h 1 Zy i
1= Rp(X; X) = Up(x; h) = E exp h( s)ds h( ) dt:
0 0

R
From the change of variablesu = 5h( s)ds, du = h( {)dt, we obtain the equality

Z, n Z 0 n Z1 0

exp h( ¢)ds h( {)dt=1 exp h( ¢)ds ;
0 0 0

and the equality (11) follows from the de nitions of Ry, and Uy,. 0

There is an analogueof the resohent equation [19] for the generalizedresohert kernelsUy: for a
proof see[13].

Theorem 2.2 Leth k 0. Then U, and Uy satisfy the genearlized resolventeguation:

Uk = Un+ Unl(nh 19Uk = Un + Ukln 1Un: (12)

We will apply the identities in Theorem 2.3 to connectthe probabilistic structure of the R-chain,
the kernel Ug and the underlying Markov process.

Theorem 2.3 For all x 2 X, B;A 2 B we have
(i) Gg(x;A)= Ug(x;A);
(i) L(x;B)=1 Elexp( &)l
(i) For all B 2 B,
tIlilm L( ;B)= tIlilm E,[1 exp( g)l=1f g=1g as [P



Pro of To prove (i) we apply the secondform of the identity (12) with h 1 and k = 1g sothat
Ug = Uglg:R + R:

If we de ne the n-step taboo probabilities asusual for the R-chain by g R" = [R1g¢]" R (see[20])
then by repeated substitution we seethat, for all n 1,

U Ug1lgcR1g:R + R1gcR+ R

n X k
Uglg:(gR)"+ (8R)":
k=1

Recalling that
(8R)"(y:f) = BIf ( n)lf & ng];
where g is the hitting time for the R-chain, the equality above establishesthe result on letting
n! 1.
Result (ii) follows immediately from (i) and Theorem 2.1.

The rst equality in (iii) follows from (ii). To seethe second,obsenethat for xed s t, where *,
s 2 IR;, is the badkward shift operator on the sample space[22], we have for any initial condition
X 2 X,

Ex[ (1 exp( B))jFi E[ ‘(1 exp( 8))jFi
Pf g =1 jFig (13)

Applying the martingale corvergencetheorem gives,ast! 1,

Ex[°(1 exp( g)iFd ! °1 exp( 8));
Pf g=1jFg ! 1f g =1g:

By the Markov property, Ex[ '(1  exp( ) jFi=E ,[(1 exp( Bg)), sothat letting t! 1
in (13),

1 exp( g)) lim supE [(1 exp( &)
Iim infE [(1 exp( B))
1f g = 1g:

But ass! 1 , we have
(1 exp( g))! 1f g=1g;

which establishesthe result. O

Theorem 2.3 (i) is dueto Neveu[19], (ii) is dueto [5], and (iii)) is new. As an immediate application
of Theorem 2.3 (i) and the de nitions, we have that is ' -irreducible if and only if the R-
chain is' -irreducible. As a substartially moreimportant useof Theorem 2.3 we now show that the
de nition of Harris recurrenceis equivalert to a (formally) much weaker, and more useful, criterion.

Theorem 2.4 The Markov chain  is Harris recurrent if and only if for some - nite measure
, f A< 1g a.s.[P]whenever fAg> 0.



Pro of The necessiy follows from the de nition of Harris recurrence. To prove su ciency set
' = R. Wewill prove that if Bf o < 1g 1 for any set A of -positive measure, then
Rf s = 1g 1forany setB of ' -positive measure,and hencethat is Harris recurrert.

Obsene that for any measurableset B we have, by the de nitions,

Z
"fBg>0() (dx)Ex[1 exp( )] > O (14)
From the assumption of the theorem
z
fd >0=) limsupf( {)>0; as. [P] (15)
t11

for any bounded measurablefunction f : X! IR. Supposethat ' fBg > 0 sothat by (14) and (15),
lim supkE ,[1 exp(g)]>0 as [P]
t11

Then by Theorem 2.3 (iii), Pf g = 1g = 1 for all x, which is the desired conclusion. 0

The conditions of Theorem 2.4 are much easierto verify than those of the original de nition of
Harris recurrence. A simple counter-example shaws that the measures and ' do not coincide
in general. Consider the deterministic uniform motion on the unit circle St in the complex plane
described by the equation

=€ty too (16)
For this chain, we cantake =  for any x, sincethe processreades every point, and in unit
time; but since is singular with respectto Lebesguemeasure,it will not allocate positive massto
setsvisited for an in nite  amourt of time by the chain.

A version of Theorem 2.4 is also given in [9] with a substartially more complicated proof.

3 Sampled Chains, Petite Sets & Harris Recurrence

The secondgeneralization of resovents involvesmoving from the exponertial to a more general,but
independen, sampling distribution.
Supposethat a is a generalprobability on IR, , and de ne the Markov transition function K 5 as
4
Ka= Plta(dt): (17)

If ais the incremert distribution of the undelayed renewal processf T (k)g, then K 5 is the transition
function for the Markov chain f (0. In the special casewhere a is an exponertial distribution
with unit mean, the transition function K ; is the resohent R of the process.

We now demonstratethe connectionsbetweenthe recurrenceof — andthe embeddedchain f Q.

Theorem 3.1 Suppsethat a is a geneal prolability on IR, . If the K 4-chain is Harris recurrent,
then sois the process ; andthen the K 5-chain is positive Harris recurrent if and only if the process
is positive Harris recurrent.



Pro of The rst result is a trivial consequencef Theorem 2.4, sincethe hitting time on a set A
by the processoccurs no later than the rst hitting time in the processsampledwith distribution
a.

If the processis then positive Harris, it is simple to obsene that an invariant measuresatisfying
= Ps for all s must satisfy = K, also. To seethe corverse, we obsene rst that by
the Chapman Kolmogorov equations we have, for any sampling distribution a and any s, the
commutativ e identit y
Z i
P(x; dy)a(dt) PS(y;A)
Z
P S(x; A)a(dt)
Z hZ i
PS(x;dy)  P'(y;A)a(dt) :

Let bethe unique invariant probability measurefor K 5. Using this identit y

Z
(dy)PS(y; A)
ZpZ i
= (dx)K a(x; dy) PS(y;A)
ZpZ '

|
(dx)P3(x; dy) Ka(y;A):

This tells us that P*S is an invariant probability measurefor K 5 and since is unique, we have
= PS3; thus by de nition is positive Harris. 0

The rst of theseresults extends Theorem 2.2 of [23], which required additional conditions on the
processor on a due to the useof the initial form of Harris recurrencein terms of . In the special
caseof resolerts the secondresult is proved in [2], but with a rather more di cult proof.

Harris recurrenceof the processcan under certain conditions alsoimply that the sampledchain is
recurrent: see[23] for details. Howewer, the clock process(16) shows that this is not always true:
we merely needa concertrated on Z., for K, to have an uncourtable collection of absorbing sets.
For more detailed analysis of this situation see[17].

Sampledchains for which a possessea boundeddensity will proveto be moretractable than general
sampledchains. The following connectssud chains to the resolhert.

Prop osition 3.2 Supmsethat the distribution a on (0; 1 ) possessesa boundel density with respect
to Lekesguemeasure. Then there existsa constant0< M < 1 suchthat

Ka(x;B) ML(x;B) 8x 2 X; B 2 B:

Pro of Asin the proof of Theorem 3.1 of [23], we may show that if a possessea bounded density
f on (0;1 ) then there existsa constart M < 1 sud that
Z,
1f (2Bgf(t)dt M1 exp( B)); B2B



Taking expectations and applying Theorem 2.3 (ii) we seethat
Ka(x;B) ME[1 exp( B)l= ML(x;B) 8x 2 X

which provesthe result. 0

We now introducethe classof petite sets Thesewill be seento play the samerole asthe small sets
of [20]. In particular, we will show that they are test setsor \status sets" [24] for Harris recurrence,
asthey are in discretetime (see[16, 15]).

A non-empty setA 2 B is called' ,-petite if ' 4 is a non-trivial measureon B and a is a probability
distribution on (0; 1 ) satisfying,

Ka(x; ) "a()
for all x 2 A. The distribution a is called the sampling distribution for the petite set A.

Harris recurrencemay be characterized by the niteness of the hitting time to a single petite set.

Theorem 3.3 If C is petite, and Bf ¢ < 1g = 1for all x 2 X, then is Harris recurrent.
Pro of Wehavethat Cis' 5-petite. Let bdenotea distribution onIR: with abounded,cortinuous
density, and de ne ' ="' 4K}, sothat
Kab(X;B) = KaKp(x;B) " aKpfBg="'1Bg; x 2 C:
To prove the theorem we demonstrate that

"fBg>0=) pg=1 as. [P] (18)

Sincea b hasa bounded cortinuous density, by Proposition 3.2, there exists M < 1 for which
Kap(X;B) MEJL exp(s)] 8x 2 X; B 2 B:

Henceif ' fBg> 0 then,

Edl  exp( 8)] Mi'fBg>o x 2 C: (19)

The assumption of the theoremis

limsupl( {2C)=1 as: [P];
t11

and hencefrom (19) and Theorem 2.3 (iii),

1f g = 1g = lim supE ,[1 exp( B)] % as: [P]
t11

which shows that (18) holds.



This theorem is not vacuous: a' -irreducible processadmits a large number of petite sets.
Prop osition 3.4 If is' -irr educible then

(i) the state space may be expresse as the union of a countable collection of petite sets, and hene
in particular a closel petite setin B* alwaysexists.

(i) If Cis ,-petite thenfor any > 0, there existsan integerm 1 and a maximal irr educibility
measure , suchthat for any B 2 B and any x 2 C,

R™(x; B) m(B):

Proof (i) We know that the R-chain and henceewery R -chain is ' -irreducible for some" .
Applying Theorem 2.1 of [20], it follows that the transition function K 4 usedin the de ning relation
for petite setsmay be taken to be R" for somen 2 Z, ; and there is a courtable cover by petite
setsfor the R -chain by Proposition 5.13 of [20].

Hencethere is a petite setin B*, and by the regularity of the measure and the fact that subsets
of petite setsare petite, a closedpetite setin B*.

(i)  Supposingthat C is 5-petite, by the preceding discussionthere exists a set C, which is
n-small for the R -chain with ,fC,g> 0: that is, in the nomenclature of [20], R"(x; ) n( )
for x 2 C,. The state spacefor the R -chain can be written asthe union of small sets,and hence
we may assumethat C, 2 B*, from which it follows that , is an irreducibilit y measure. We now
modify , to obtain a maximal irreducibilit y measure.Choosetq so large that
Zy,
Pi(x;Cp)a(dt) = > 0 x 2 C;

and hence Z .,
. P'R"(x; )a(dt) n( ); x2C (20)
We now usethe simple estimate P'R  e' R to obtain by (20),
R'(x; ) e '°o () x 2 C:
Applying R to both sidesof this inequality givesfor any x 2 C
R™(x ) e '° aR ()

It is easyto seethat R is a maximal irreducibilit y measure,and hencethis completesthe proof

with m=n+1land p,=e '° R . 0

Even without irreducibilit y, a countable covering of the state spaceby petite sets may often be
constructed. For example, a di usion whose generator is hypoelliptic has the property that its
resohent hasthe strong Feller property. From this it follows that the state spaceadmits a covering
by open petite sets[15].
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4 Finiteness of (f)

We have shawn in the previous section that petite sets, like single points for discrete state space
processesmay be usedto classify a Markov processas Harris recurrent. They have a similar role
in the classi cation of positive Harris chains, and the goal of this sectionis to prove Theorem 1.2
where we de ned that relationship.

We will x throughout this section a measurablefunction f 1, and assumethat is Harris
recurrent with invariant measure . The assumption of Theorem 1.2 (b)(i), which we wish to showv
isequivalet to (f)< 1 ,is

There exists a closal petite set C suchthat for some > 0

(R()) supGe(x;f; )< 1
x2C

In order to connect this condition with the niteness of (f) we usethe fact that is also the
invariant measurefor , and hencefrom Proposition 5.9 of [20] and Theorem 2.3 hasthe represen-
tation z z

()= @Gcl;f) = (dy)UcOxT): (21)

Proving Theorem 1.2 is thus a matter of obtaining appropriate bounds between the kernels
Ge(x;f; ) and Uc(x; f) for setswith (C) < 1, such as ([16], Theorem 5.2) petite sets: elu-
cidating these and related results occupiesmost of this section.

For any x and f 1it is obvious that G¢(x;f;r) is an increasing function of r. The following
result gives conditions under which the rate of growth may be bounded.

Lemma 4.1 Suppmsethat Gc(x;f;r) is bounda on the closal set C for somer > 0. Then there
existsk < 1 suchthat for anyt 0,

Ge(x;f;t)  Ge(x;fir)+ kt; X2 X:
Hence in particular (R( )) implies (R(t)) for everyt > 0.

Pro of Let é(r) denote the kth iterate of (r) de ned inductively by

&(r)=0and ()= &)+ <O c(n) (22)
We have the simple bound, valid for any positive integer n,
hx 1 . 2 @) i
Ge(x;finr)  Ex c() f( ¢)ds
i=0 0

and henceby the strong Markov property and the assumptionthat the set C is closed,

Ge(x;f;nr)  Ge(xf;r)+ (n 1)supGe(y;f;r)
y2C

This bound together with the fact that G¢(x;f;t) is an increasing function of t completesthe
proof. O
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Following discrete time usage[20, 15] a non-empty set C 2 B is called f -regular if

W4

B () [
Ge(x;f; )= Ex f( ¢)dt
0

is boundedon C forany > Oandany B 2 B*.

The next key result shows that the \self regularity” property R( ) for C closedand petite actually
implies f -regularity.

Prop osition 4.2 Consider a Harris recurrent Markov process suchthat R( ) holds. Then C is
f -regular.

Pro of Let B 2 B*, and chooset > 0 so large that for some" > 0, Rf g tg " forx 2 C.
This is possiblesince C is petite. From Lemma 4.1, we have G¢(x; f ;t) boundedon C no matter
how large we chooset.

Let (k) = é(t), the kth iterate of ¢(t) dened in (22). Conditioning on F ( 1y and using
induction gives

Rf s> (Kig @ "% k2z.;x2cC: (23)
We will considerthe bound W i
Ex f( ¢)dt lim Sn(x); (24)
0 n'l
where X W (ke i
Sn(x) = E f(dtlf (k)< 8 (k+1)g
k=0 0

We will exhibit a contractiv e property forFEhe sequencef S, (x)g which implies that the sequence
is uniformly bounded, and hencethat Ex[ ,® f ( {)dt] is boundedon C. This together with the
estimate
Z 5
f( o)dt
z t) Z B
f( Jdt+ c® f( )dt
0

c(

and the strong Markov property will complete the proof of the proposition.

We have for any n 1,
hZ

1 i
Sa(x) = Ex o()f( ) dtlifo< g (1)g
x o i
+ K f( dtlf (1)< gg Py
k=1 0
X h @ @ (K i
+ K f(odtlf 1)< sg Plgg
k=1 @

(25)
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whereB(k) = f (k 1)< g (k)g.
By conditioning at time (1) the rst two lines on the RHS of this inequality may be bounded by
h (1 i * hZ

1) i
Ex f( dt 1+ supRf g > (k 1)g @+" HE f( ¢)dt (26)
0 k=1 x2C 0

where" is de ned above equation (23).

The last line on the RHS of (25) is boundedin a similar way: by conditioning at time (1) we may
bound this term by

x ok i
Pf (1)< sgsup E f( pdtlf (k 1)< g (K)g ;

which is identical to Bf (1) < sgsup,oc Sn 1(y). This together with (23), (25), and (26) implies
that hZ :
@) '
supSn(x) (1 ")supSn 1(x)+ sup(l+" HE, f( ¢)dt:
x2C x2C x2C 0

hR |
Sinceby de nition_Ex oW f( 0dt = Ge(x;f;t) this shows that supfSp(x) :n 2 Z.; x 2 Cg<

1, and henceEy[ ,° f ( s)ds]is boundedon C, which completesthe proof. 0

Setswhich are f -regular are not hard to locate. We have

Prop osition 4.3 (i) If C is f-regular then C is petite.

(i) Supmsethat C is closal and f -regular. Then for each n the set
Ch="1fx:Gc(x;f) ng

is f -regular wheneverit is non-empty, and the union of the f C,g is full. Hence, in particular,
there exists a closel petite f -regular set.

Proof (i) Let C bef-regular,andlet A 2 B* be any other closedpetite set. For any positive
measurablefunction g we have the bound, valid for any x 2 X,

h 1 i
R(x; 9) Ex g( s)e °ds

A

= Ele *R( ,:9]

P
Takingg= 2 "R" I( ;A) any applying Jensen'sinequality we seethat for any x

*
2 "R"(x;A)  exp(Ex[ Al inf 2 "R"(x; A)
n=1 X2A n=1

13



Since A 2 B* and A is petite, it follows that the in m um is strictly positive. By regularity the
exponertial is boundedfrom belov on C, and hence

inf 2 "R"(x;A)>0
x2C _
n=1
which shows that C is petite from Lemma 3.1 of [16].
(i) SinceC is f -regular it is 4-petite for a distribution a with nite meanm(a) by Proposi-
tion 3.4(ii)). By Lemma4.1we have for somek < 1 ,andanyt O

PiGe (x;f; ) Ge(xf; +t) Ge(xf; )+ ( + 1tk

and hencefor any x 2 C,
Z

a(dy)Ge(y:f; ) KaGe (X1 )
z
- 01 P'Ge (x;f; )a(dt)

Ge (% f; )+ kim(a)+ ]<1
R
Hencealso  4(dy)Gc(y;f;0) < 1, andsince 4 is maximal this shows that the setof all x 2 X
for which G¢(x; f;0) is nite is full.

That C, is f -regular follows immediately from the inequality

4 ) 4 4 0)
C B
f( s)ds f( s)ds+ ¢ f( s)ds
0 0

B (

and the strong Markov property. 0

We can now connectf -regularity of a set C with the condition that sup,,c Uc(x;f) < 1, which
is what we needin order to use(21).

Prop osition 4.4 For a Harris recurrent Markov process the following implications hold for a
setC 2 B:

(i) If C is petite and sup,,c Uc(Xx;f) < 1 thenC is f -regularand C 2 B™.
(i) If Cis closel and f -regular, and if C 2 B*, then sup,,c Uc(x;f) < 1 and C is petite.

Proof (i) It follows from Proposition 3.4 and Theorem 2.3 (i), together with Theorem 11.3.14
of [15] that C is f -regular for the R-chain. That is, Ug(x; f ) is boundedon C for any B 2 B™.

Hencefor someconstart Mg and all x 2 C,

h 1 Z [
Mg Ex exp 1f ¢2Bgds f( ¢)dt
0 0
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h &() Z i
Ex exp 1f 2 Bgds f( ¢)dt

0 0
hZ i hZ () Z i
Ex e f( pdt + E e exp 1f ¢2Bgds f( ¢)dt
0
hZ i hZ

0) i
= B e f( odt +E e f( odt
0

e Gg(xf)

which shows that (i) holds.

(i) By Proposition 4.3the setC is 4-petite with  5(C) > Osothat Rf ¢ = 1g = isbounded
from below for x 2 C. Hence,again using the fact that C is petite, there existsT > 0Oand < 1
sud that

h Z .m i h Z1 i
SUpEx exp 1f 2 Cgds SupEx exp 1f 2 Cgds
x2C 0 x2C 0
= (27)
and by f -regularity and -positivity of the set C we have for any T,
2 c(T) i
sup Ex f(¢dt <1 (28)
x2C 0

To avoid dealing with possibly in nite terms, let h: X! IR, be a measurablefunction for which
h(x) 1c(x) and inf h(x) > 0;
x2X

and x N 1. Then we may approximate as follows:

hz 1 Z, i
Ex exp h( s)ds N~ f ( ¢)dt
0 0
h (T i
Ex f( ¢)dt
0
hZ 1 Z i
+Ey exp h( s)ds N~ f ( ¢)dt
c(T) 0

(29)
and ead of theseterms is nite sinceh is strictly positive. Once we obtain the desiredboundswe
will leth#1c andN " 1.

The secondterm on the right hand side of (29) can be boundedas follows, using the strong Markov
property:

hZ 1 Z [
Ex exp h( s)ds N~ f ( ¢)dt
c(T) 0
hZ 1 Z .M Zy i
= E exp h( s)ds exp h( s)ds N~ f ( ¢)dt
c(T) 0 c(T)
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h Z .M hZ 1 Z, i
= Ex exp . h( s)ds E e exp h( s)ds N~ f ( ()dr

h Z .M i 1
Ex exp h( s)ds supEy
0 y2C

r |
exp h( s)ds N~f ( ;)dr
0 0

where in the last inequality we have usedthe assumptionthat C is closed,sothat (1) 2 C.
Hence,using (27), we have from this and (29),

hR i
h 1 Z, i Ex oc7f( pat
SUp Ex exp h( )ds N~ f ( ¢)dt sup <1 (30)
x2C 0 0 x2C 1

Letting h # 1c and N " 1 we seethat sup,,c Uc(Xx;f) < 1 by monotone corvergence,which
provesthe result. 0

Pro of of Theorem 1.2

Toseethat (i) =) (i), obsenethat if R( ) holdsthen we have from Proposition 4.3that there exists
an f -regular closedset C 2 B*. Then Uc(x; f) is boundedand C is petite by Proposition 4.4 (ii).
Hence (f) is nite from (21).

Conversely if (f) < 1 we have from (21), Theorem 10.4.6 of [15 and Theorem 2.3 (i) that
Uc(x; f) is boundedon somepetite set C, and that this implies (i) follows from Proposition 4.4 (i).

O

5 Comments and Extensions

The emphasisof this paper hasbeenon the characterization of Harris recurrenceand its re nements.
From an applications point of view, it is important to obtain conditions under which bounds suc
as(R()) hold.

In discretetime suc boundsfollow from generalizedforms of Foster-Lyapunov criteria [15] applied
to the one-steptransition laws P. For processesn cortinuoustime, it is more natural to construct
bounds by consideringthe in nitesimal generator for the process. If a drift towards the \center"
of the state spacecan be establishedusing the generator, then an application of Dynkin's formula
immediately givesboundssud as(R( )) (see[18]). Evenif the generatorcannot be easily analyzed,
a stability proof often yields as a by-product bounds such as (R( )). One suc instance is the
stability analysis of generalizedJadkson networks given in [14, 6]. The bound (R( )) is veried
in these papers using a \long time window" stability proof, sinceit is not possibleto establish an
in nitesimal drift for the Markov processunder considerationin these applications.

We have not discussedhere the rich ergadic theory which is a consequenceof these results, and
which is often the reasonfor interest in Harris recurrence. Seeral ergadic theoremswhich are based
upon the results preseried here may be found in [7, 17, 18], and we concludewith two signi cant
applications of the results proved above.
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A Markov process s called ergddic if an invariant probability exists and
Jim kP'(x; ) k=0 X2 X;

where k  k denotesthe total variation norm. Unlike their discrete time cournterparts, Harris
recurrent processeslo not always possesshe ergadic property evenwhen is nite, and additional
conditions on the processare required to obtain ergadicity.

If is ergadic then it follows that the skeleton chain f , : n 2 Z, g is also ergadic for eadh
> 0. Resultslinking ergadic results of the processand its skeletonsare well known for courtable
spaceprocesseslin a generalsetting, in [23] it is shavn that under somecortinuity conditions (in
t) on the semigroup P!, ergadicity of the process follows from the ergadicity of the embedded
skeletonsor of the resolert chains. The following extension of those results is taken from [17]: it
indicates the value of criteria for positive Harris chains sud as those we have presened above.

Theorem 5.1 If s positive Harris recurrent and if someskeletonchain is irr educible, then
is ergadic.

By generalizing the kernel Uy, further we can also obtain conditions which ensurethat P(x;f)
convergesto (f) at an exponertial rate, even when the function f is unbounded. Although
the kernels U, and R}, of Section 2 have only beende ned with h 0, there is no reasonwhy
the functions h and k cannot take on negative values in the de nitions of U, and Ry, and in
Theorem 2.2. This obsenation is crucial in the application to analysis of exponertially ergadic
chains in [7], from which we take

Theorem 5.2 For a function V. 1, supmse that there exists a closal petite setC and ;" > 0
suchthat HZ

c() ., i
E, e'V( s)ds
0

is everywhee nite and bounded on C. Then s positive Harris recurrent with invariant prob-
ability . If a skeletonchain is irr educible, then there exists M < 1, < 1 suchthat for any
measurable function jfj V andany x 2 X,

St . hZ c() "t | t
JPr(x; ) (f)i ME e'V( s)ds t O
0
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