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Abstract

In this paper we consider a ' -irreducible continuous parameter Markov process� whose
state space is a general topological space. The recurrence and Harris recurrence structure
of � is developed in terms of generalized forms of resolvent chains, where we allow state-
modulated resolvents and embeddedchains with arbitrary sampling distributions. We show that
the recurrencebehavior of such generalizedresolvents classi�es the behavior of the continuous
time process;from this we prove that hitting times on the small setsof a generalizedresolvent
chain provide criteria for, successively, (i) Harris recurrenceof � (ii) the existenceof an invariant
probabilit y measure� (or positive Harris recurrenceof � ) and (iii) the �niteness of � (f ) for
arbitrary f .
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1 In tro duction

The stabilit y and ergodic theory of continuous time Markov processeshas a large literature which
includesmany di�eren t approaches. One such is through the useof associated discrete time \resol-
vent chains". The recurrencestructure of the processand that of the resolvent chain are essentially
equivalent [1] and, since the analysis of discrete time chains is well understood [20], this result
simpli�es the analysisconsiderably.

In this paper we develop two generalizedforms of the resolvent (1), and isolate a speci�c type of
subsetof the state space(a \p etite set") such that the behavior of the generalizedresolvent chains
on such a set provides criteria for Harris recurrenceand positive Harris recurrence. This extends
the approach in [23], wherecontinuit y conditions wereneededon the transition probabilities of the
chain to achieve similar results.

We suppose that � = f � t : t 2 IR+ g is a time homogeneousMarkov processwith state space
(X; B), and transition semigroup (P t ). For each initial � 0 = x 2 X, the process� evolves on the
probabilit y space(
 ; F ; Px ), where 
 denotesthe samplespace.Further details of this framework
may be found in [22].

It is assumedthat the state spaceX is a locally compact separablemetric space,and that B is the
Borel �eld on X. We assumethat � is a Borel right process,so that in particular � is strongly
Markovian with right continuoussamplepaths [22]. When an event A in samplespaceholds almost
surely for every initial condition we shall write \ A holds a.s. [P� ]".

The operator P t acts on bounded measurablefunctions f and � -�nite measures� on X via

P t f (x) =
Z

X
P t (x; dy)f (y) �P t (A) =

Z

X
� (dx)P t (x; A):

The resolventfor the processis de�ned as

R(x; A) �=
Z 1

0
e� t P t (x; A) dt; x 2 X; A 2 B: (1)

For a measurableset A we let

� A = inf f t � 0 : � t 2 Ag; � A =
Z 1

0
1f � t 2 Agdt:

A Markov processis called ' -irr educible if for the � -�nite measure' ,

' f B g > 0 =) Ex [� B ] > 0; x 2 X:

As in the discrete time setting, if � is ' -irreducible then there exists a maximal irreducibilit y
measure  such that � �  for any other irreducibilit y measure � [20]. We shall reserve the
symbol  for such a maximal irreducibilit y measure,and we will let B+ denote the collection of all
measurablesubsetsA � X such that  (A) > 0. We will say that A is ful l if  (A c) = 0.

Supposethat, for some� -�nite measure' , the event f � A = 1g holds a.s. [P� ] whenever ' f Ag > 0.
Then � is called Harris recurrent: this is the standard de�nition of Harris recurrence, which is
taken from [2]. Clearly a Harris recurrent chain is ' -irreducible.

1



Using two di�eren t forms of generalizedresolvent we will show that Harris recurrenceis equivalent
to a (formally) much weaker and more useful criterion, and we will derive a criterion for Harris
recurrencein terms of petite setsde�ned in Section3. The following summarizesthe results proved
in Theorem 2.4, Proposition 3.4, and Theorem 3.3:

Theorem 1.1 The following are equivalent:

(i) The Markov chain � is Harris recurrent;

(ii) there exists a � -�nite measure � such that Px f � A < 1g � 1 whenever� f Ag > 0;

(iii) there exists a petite set C such that Px f � C < 1g � 1.

A � -�nite measure� on B with the property

� f Ag = � P t f Ag �=
Z

� (dx)P t (x; A) A 2 B; t � 0

will be called invariant . It is shown in [8] that if � is a Harris recurrent right processthen an
essentially unique invariant measure� exists (seealso [2]). If the invariant measureis �nite, then it
may be normalized to a probabilit y measure,and in practice this is the main situation of interest.
If � is Harris recurrent, and � is �nite, then � is called positive Harris recurrent.

Again through the use of generalizedresolvents, we �nd conditions under which � is �nite, and
indeed for which � (f ) < 1 for generalfunctions f . Theseinvolve expectedhitting times on petite
sets,but becauseof the continuous time parameter of the processwe have to be careful in de�ning
such times.

For any timepoint � � 0 and any set C 2 B de�ne � C (� ) �= � + � � � C as the �rst hitting time on C
after � : here � � is the usual backwards shift operator [22]. The kernel GC (x; f ; � ) is de�ned for any
x and positive measurablefunction f through

GC (x; f ; � ) �= E
hZ � C (� )

0
f (� t ) dt

i
; (2)

so that in particular for the choice of f � 1

GC (x; X; � ) = Ex [� C (� )]

is (almost) the expected hitting time on C for small � . The classi�cation we then have is

Theorem 1.2 If � is Harris recurrent with invariant measure � then

(a) � is positive Harris recurrent if and only if there existsa closed petite set C suchthat for some
(and then any) � > 0

sup
x2 C

Ex [� C (� )] < 1 ; (3)

(b) if f � 1 is a measurable function on X, then the following are equivalent:
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(i) There exists a closed petite set C such that

sup
x2 C

GC (x; f ; � ) < 1

for some(and then any) � > 0;

(ii) � is positive Harris recurrent and � (f ) < 1 .

Part (a) of this theorem is a special caseof part (b), with f � 1; and both are proved in Section4.

The identi�cation of petite sets is therefore important, and in [17] we show that under suitable
continuit y conditions on the generalizedresolvents, all compact sets are petite. These are much
weaker than those in the literature, even for special classesof processes,and they certainly hold
if the resolvent has the strong Feller property that R(x; f ) is continuous if f is bounded. In the
special caseof di�usion processeson manifolds, necessaryand su�cien t conditions under which
the resolvent of the processpossessesthe strong Feller property have been obtained in [4] (see
also [10, 3, 11, 12]). Strong Feller processesare however a relatively restricted classof processes.
Under the condition that the excessive functions for the resolvent-chain are lower semi continuous,
characterizations of recurrencearealsoobtained in terms of hitting probabilities to compact subsets
of the state spacein [8]: these are similar to those we �nd for petite sets, but the conditions for
petite sets to be compact in [17] appear much weaker than the conditions usedin [8].

Thus the results presented here unify and subsumemany somewhatdiverseexisting approachesto
recurrencestructures for Markov processes.

In [17, 18] we usetheseresults in a number of ways, giving not only the characterization of compact
setsaspetite sets,but alsodevelopinga Doeblin decomposition for non-irreducible chains, veri�able
characterizations for ergodicity and rates of convergence,and conditions for convergenceof the
expectations E[f (� t )] for unbounded f .

2 State-mo dulated Resolv ents & Harris Recurrence

The central idea of this paper is to considerthe Markov processsampledat times f T(k) : k 2 ZZ+ g.
Thesetimes will sometimesform an undelayed renewal processwhich is independent of the Markov
process� , or a sequenceof randomized stopping times. In either case,the sequencef T(k)g will
be constructed so that the processf � T (k)g is a Markov chain evolving on X, whose recurrence
properties under appropriate conditions will be shown to be closely related to those of the original
process.

This extends the now-classical form of analysis using the resolvent for the process. The kernel
R(x; A) in (1) is clearly such a Markov transition function, with transitions given by sampling the
processat points of a Poissonprocessof unit rate. The Markov chain �� with transition function R
will be called the R-chain. If �� A denotesthe �rst return time to the set A for the R-chain, we shall
let �L (x; A) = Px ( �� A < 1 ) denote the hitting probabilit y for the R-chain, �G =

P
Rn its potential

kernel, and we set

�GB (x; A) �= Ex

h �� BX

k=1

1A ( �� k )
i
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For any �xed constant � > 0 let T� be a random time which is independent of the process� with
an exponential distribution having mean � � 1. We de�ne

R� (x; A) =
Z 1

0
�e � �t P t (x; A) dt;

so that the transition function R � has the interpretation

R� (x; A) = Px f � T� 2 Ag: (4)

If we set
U� (x; A) =

Z 1

0
e� �t P t (x; A) dt;

then U� also has the probabilistic interpretation

U� (x; A) = Ex

hZ T�

0
1(� t 2 A) dt

i
(5)

When � = 1, of courseboth of theseexpressionscoincide and are equal to R(x; A).

We will consider Markov chains derived from � , in two di�eren t ways which extend the idea of
resolvent chains. The de�nitions of irreducibilit y, Harris recurrence,and positive Harris recurrence
have exact analoguesfor such discrete parameter chains. See[15, 20, 21] for theseconcepts.

In this section, the de�nition of the chain R � derived by exponentially sampling at rate � is �rst
generalizedsothat � , the rate of occurrenceof the \sampling time" T� , may depend upon the value
of the state � t . When the rate function is appropriately de�ned the random time T� becomesa
randomizedstopping time for the process.This givesrise to a classof kernelsintroducedby Neveu
in [19] which allow detailed connectionsbetweenthe recurrencestructure of a Markov processand
the generalizedresolvent chains.

Let h be a bounded non-negative measurablefunction on X, and de�ne the kernelsRh ; Uh by

Rh(x; A) �= Ex

hZ 1

0
exp

n
�

Z t

0
h(� s) ds

o
h(� t )1A (� t ) dt

i
; (6)

Uh(x; A) �= Ex

hZ 1

0
exp

n
�

Z t

0
h(� s) ds

o
1A (� t ) dt

i
: (7)

We have Rh(x; f ) = Uh(x; hf ) and Rh = R� when h � � . A key use of this generalizedresolvent
occurs when h is taken as the indicator function of a measurableset B : in this casewe write
UB

�= U1B
, and RB

�= R1B
.

The probabilistic construction of Uh and Rh enablesus to write down analoguesof (5), (4) for general
h. On an enlargedprobabilit y space,de�ne a randomized, possibly in�nite valued, stopping time
Th by

Px f Th 2 [t; t + �] j Th � t; F �
1 g = � h(� t ) + o(�) : (8)

In the special casewhere h � 1, Th is independent of � and possessesa standard exponential
distribution. In general, the distribution of Th is exponential in nature, but the rate of jump at
time t, instead of being constant, is modulated by the value of h(� t ).
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With Th so de�ned we have

Rh(x; f ) = Ex

h
f (� Th )1f Th < 1g

i
(9)

Uh(x; f ) = Ex

hZ Th

0
f (� s)ds

i
(10)

whenever the right hand side is meaningful. This givesa recurrencecondition for �niteness of Th ,
shown initially in [5].

Theorem 2.1 The following relation holds:

Rh(x; X) = Uh(x; h) = 1 � Ex

h
exp

n
�

Z 1

0
h(� s) ds

oi
: (11)

Hence Rh(x; X) = 1 if and only if Px f
R1

0 h(� s) ds = 1g = 1.

Pro of Note that by (9) the kernel Rh is probabilistic if and only if Th < 1 a.s. [P� ]. We then
have

1 = Rh(x; X) = Uh(x; h) = Ex

hZ 1

0
exp

�
�

Z t

0
h(� s)ds

�
h(� t )

i
dt:

From the changeof variables u =
Rt

0 h(� s)ds, du = h(� t )dt, we obtain the equality
Z 1

0
exp

n
�

Z t

0
h(� s) ds

o
h(� t ) dt = 1 � exp

n
�

Z 1

0
h(� s) ds

o
;

and the equality (11) follows from the de�nitions of Rh and Uh.

There is an analogueof the resolvent equation [19] for the generalizedresolvent kernels Uh: for a
proof see[13].

Theorem 2.2 Let h � k � 0. Then Uh and Uk satisfy the generalized resolventequation:

Uk = Uh + Uh I (h� k)Uk = Uh + Uk I (h� k)Uh : (12)

We will apply the identities in Theorem 2.3 to connect the probabilistic structure of the R-chain,
the kernel UB and the underlying Markov process.

Theorem 2.3 For all x 2 X, B ; A 2 B we have

(i) �GB (x; A) = UB (x; A);

(ii) �L (x; B ) = 1 � Ex [exp(� � B )];

(iii) For all B 2 B,

lim
t !1

�L (� t ; B ) = lim
t !1

E� t [1 � exp(� � B )] = 1f � B = 1g a:s: [P� ]:
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Pro of To prove (i) we apply the secondform of the identit y (12) with h � 1 and k = 1B so that

UB = UB 1B c R + R:

If we de�ne the n-step taboo probabilities asusual for the R-chain by B Rn �= [R1B c ]n� 1R (see[20])
then by repeated substitution we seethat, for all n � 1,

UB = UB 1B c R1B c R + R1B c R + R

= UB 1B c (B R)n +
nX

k=1

(B R)k :

Recalling that
(B R)n (y; f ) = Ey [f ( �� n)1f �� B � ng];

where �� B is the hitting time for the R-chain, the equality above establishesthe result on letting
n ! 1 .

Result (ii) follows immediately from (i) and Theorem 2.1.

The �rst equality in (iii) follows from (ii). To seethe second,observe that for �xed s � t, where � s,
s 2 IR+ , is the backward shift operator on the samplespace[22], we have for any initial condition
x 2 X,

Ex [� s(1 � exp(� � B )) j F t ] � Ex [� t (1 � exp(� � B )) j F t ]

� Pf � B = 1 j F t g: (13)

Applying the martingale convergencetheorem gives,as t ! 1 ,

Ex [� s(1 � exp(� � B )) j F t ] ! � s(1 � exp(� � B )) ;

Pf � B = 1 j F t g ! 1f � B = 1g :

By the Markov property, Ex [� t (1 � exp(� � B )) j F t ] = E� t [(1 � exp(� � B ))], so that letting t ! 1
in (13),

� s(1 � exp(� � B )) � lim sup
t !1

E� t [(1 � exp(� � B ))]

� lim inf
t !1

E� t [(1 � exp(� � B ))]

� 1f � B = 1g :

But as s ! 1 , we have
� s(1 � exp(� � B )) ! 1f � B = 1g ;

which establishesthe result.

Theorem 2.3 (i) is due to Neveu [19], (ii) is due to [5], and (iii) is new. As an immediate application
of Theorem 2.3 (ii) and the de�nitions, we have that � is ' -irreducible if and only if the R-
chain is ' -irreducible. As a substantially more important useof Theorem 2.3 we now show that the
de�nition of Harris recurrenceis equivalent to a (formally) much weaker, and more useful, criterion.

Theorem 2.4 The Markov chain � is Harris recurrent if and only if for some � -�nite measure
� , f � A < 1g a.s. [P� ] whenever� f Ag > 0.
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Pro of The necessity follows from the de�nition of Harris recurrence. To prove su�ciency set
' = �R . We will prove that if Px f � A < 1g � 1 for any set A of � -positive measure, then
Px f � B = 1g � 1 for any set B of ' -positive measure,and hencethat � is Harris recurrent.

Observe that for any measurableset B we have, by the de�nitions,

' f B g > 0 ( )
Z

� (dx)Ex [1 � exp(� B )] > 0: (14)

From the assumption of the theorem
Z

f d� > 0 =) lim sup
t !1

f (� t ) > 0; a:s: [P� ] (15)

for any boundedmeasurablefunction f : X ! IR. Supposethat ' f B g > 0 so that by (14) and (15),

lim sup
t !1

E� t [1 � exp(� B )] > 0 a:s: [P� ]

Then by Theorem 2.3 (iii), Px f � B = 1g = 1 for all x, which is the desiredconclusion.

The conditions of Theorem 2.4 are much easier to verify than those of the original de�nition of
Harris recurrence. A simple counter-example shows that the measures� and ' do not coincide
in general. Consider the deterministic uniform motion on the unit circle S1 in the complex plane
described by the equation

� t = e2� it � 0 t � 0: (16)

For this chain, we can take � = � x for any x, since the processreaches every point, and in unit
time; but since� is singular with respect to Lebesguemeasure,it will not allocate positive massto
setsvisited for an in�nite amount of time by the chain.

A version of Theorem 2.4 is also given in [9] with a substantially more complicated proof.

3 Sampled Chains, Petite Sets & Harris Recurrence

The secondgeneralizationof resovents involvesmoving from the exponential to a more general,but
independent, sampling distribution.

Supposethat a is a generalprobabilit y on IR+ , and de�ne the Markov transition function K a as

K a
�=

Z
P t a(dt): (17)

If a is the increment distribution of the undelayed renewal processf T(k)g, then K a is the transition
function for the Markov chain f � T (k)g. In the special casewhere a is an exponential distribution
with unit mean, the transition function K a is the resolvent R of the process.

We now demonstratethe connectionsbetweenthe recurrenceof � and the embeddedchain f � T (k)g.

Theorem 3.1 Supposethat a is a general probability on IR+ . If the K a-chain is Harris recurrent,
then so is the process� ; and then the K a-chain is positive Harris recurrent if and only if the process
� is positive Harris recurrent.
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Pro of The �rst result is a trivial consequenceof Theorem 2.4, since the hitting time on a set A
by the processoccurs no later than the �rst hitting time in the processsampledwith distribution
a.

If the processis then positive Harris, it is simple to observe that an invariant measuresatisfying
� = � P s for all s must satisfy � = � K a also. To see the converse, we observe �rst that by
the Chapman Kolmogorov equations we have, for any sampling distribution a and any s, the
commutativ e identit y

Z hZ
P t (x; dy)a(dt)

i
P s(y; A)

=
Z

P t+ s(x; A)a(dt)

=
Z

P s(x; dy)
hZ

P t (y; A)a(dt)
i
:

Let � be the unique invariant probabilit y measurefor K a. Using this identit y
Z

� (dy)P s(y; A)

=
Z hZ

� (dx)K a(x; dy)
i
P s(y; A)

=
Z hZ

� (dx)P s(x; dy)
i
K a(y; A):

This tells us that � P s is an invariant probabilit y measurefor K a and since � is unique, we have
� = � P s; thus by de�nition � is positive Harris.

The �rst of theseresults extends Theorem 2.2 of [23], which required additional conditions on the
processor on a due to the useof the initial form of Harris recurrencein terms of � A . In the special
caseof resolvents the secondresult is proved in [2], but with a rather more di�cult proof.

Harris recurrenceof the processcan under certain conditions also imply that the sampledchain is
recurrent: see[23] for details. However, the clock process(16) shows that this is not always true:
we merely needa concentrated on ZZ+ for K a to have an uncountable collection of absorbing sets.
For more detailed analysis of this situation see[17].

Sampledchains for which a possessesa boundeddensity will prove to bemore tractable than general
sampledchains. The following connectssuch chains to the resolvent.

Prop osition 3.2 Supposethat the distribution a on (0; 1 ) possessesa bounded density with respect
to Lebesguemeasure. Then there exists a constant 0 < M < 1 such that

K a(x; B ) � M �L (x; B ) 8x 2 X; B 2 B:

Pro of As in the proof of Theorem 3.1 of [23], we may show that if a possessesa boundeddensity
f on (0; 1 ) then there exists a constant M < 1 such that

Z 1

0
1f � t 2 B gf (t) dt � M (1 � exp(� � B )) ; B 2 B
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Taking expectations and applying Theorem 2.3 (ii) we seethat

K a(x; B ) � M Ex [1 � exp(� � B )] = M �L (x; B ) 8x 2 X

which proves the result.

We now introduce the classof petite sets. Thesewill be seento play the samerole as the small sets
of [20]. In particular, we will show that they are test setsor \status sets" [24] for Harris recurrence,
as they are in discrete time (see[16, 15]).

A non-empty set A 2 B is called ' a-petite if ' a is a non-trivial measureon B and a is a probabilit y
distribution on (0; 1 ) satisfying,

K a(x; �) � ' a( � )

for all x 2 A. The distribution a is called the sampling distribution for the petite set A.

Harris recurrencemay be characterized by the �niteness of the hitting time to a single petite set.

Theorem 3.3 If C is petite, and Px f � C < 1g = 1 for all x 2 X, then � is Harris recurrent.

Pro of We have that C is ' a-petite. Let bdenotea distribution on IR+ with a bounded,continuous
density, and de�ne ' = ' aK b, so that

K a� b (x; B ) = K aK b (x; B ) � ' aK b f B g = ' f B g; x 2 C:

To prove the theorem we demonstrate that

' f B g > 0 =) � B = 1 a:s: [P� ] (18)

Sincea � b has a bounded continuous density, by Proposition 3.2, there exists M < 1 for which

K a� b (x; B ) � M Ex [1 � exp(� B )] 8x 2 X; B 2 B:

Henceif ' f B g > 0 then,

Ex [1 � exp(� B )] �
1

M
' f B g > 0 x 2 C: (19)

The assumption of the theorem is

lim sup
t !1

1(� t 2 C) = 1 a:s: [P� ];

and hencefrom (19) and Theorem 2.3 (iii),

1f � B = 1g = lim sup
t !1

E� t [1 � exp(� B )] �
' f B g

M
a:s: [P� ]

which shows that (18) holds.
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This theorem is not vacuous: a ' -irreducible processadmits a large number of petite sets.

Prop osition 3.4 If � is ' -irr educible then

(i) the state space may be expressed as the union of a countablecollection of petite sets, and hence
in particular a closed petite set in B+ alwaysexists.

(ii) If C is � a-petite then for any � > 0, there exists an integer m � 1 and a maximal irr educibility
measure  m such that for any B 2 B and any x 2 C,

Rm
� (x; B ) �  m (B ):

Pro of (i) We know that the R-chain and henceevery R � -chain is ' -irreducible for some' .
Applying Theorem 2.1 of [20], it follows that the transition function K a usedin the de�ning relation
for petite sets may be taken to be Rn

� for somen 2 ZZ+ ; and there is a countable cover by petite
sets for the R� -chain by Proposition 5.13 of [20].

Hencethere is a petite set in B+ , and by the regularity of the measure and the fact that subsets
of petite setsare petite, a closedpetite set in B+ .

(ii) Supposing that C is � a-petite, by the preceding discussionthere exists a set Cn which is
� n -small for the R� -chain with � n f Cng > 0: that is, in the nomenclature of [20], Rn

� (x; � ) � � n ( � )
for x 2 Cn . The state spacefor the R � -chain can be written as the union of small sets,and hence
we may assumethat Cn 2 B+ , from which it follows that � n is an irreducibilit y measure.We now
modify � n to obtain a maximal irreducibilit y measure.Chooset 0 so large that

Z t0

0
P t (x; Cn ) a(dt) = � > 0; x 2 C;

and hence Z t0

0
P t Rn

� (x; � ) a(dt) � � � n ( � ); x 2 C (20)

We now usethe simple estimate P t R� � e�t R� to obtain by (20),

Rn
� (x; � ) � e� �t 0 � � n ( � ); x 2 C:

Applying R� to both sidesof this inequality gives for any x 2 C

Rn+1
� (x; � ) � e� �t 0 � � n R� ( � )

It is easyto seethat � nR� is a maximal irreducibilit y measure,and hencethis completesthe proof
with m = n + 1 and  m = e� �t 0 � � n R� .

Even without irreducibilit y, a countable covering of the state spaceby petite sets may often be
constructed. For example, a di�usion whose generator is hypoelliptic has the property that its
resolvent has the strong Feller property. From this it follows that the state spaceadmits a covering
by open petite sets [15].
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4 Finiteness of � (f )

We have shown in the previous section that petite sets, like single points for discrete state space
processes,may be used to classify a Markov processas Harris recurrent. They have a similar role
in the classi�cation of positive Harris chains, and the goal of this section is to prove Theorem 1.2
where we de�ned that relationship.

We will �x throughout this section a measurablefunction f � 1, and assumethat � is Harris
recurrent with invariant measure� . The assumption of Theorem 1.2 (b)(i), which we wish to show
is equivalent to � (f ) < 1 , is

(R(� ))

There exists a closed petite set C such that for some� > 0

sup
x2 C

GC (x; f ; � ) < 1

In order to connect this condition with the �niteness of � (f ) we use the fact that � is also the
invariant measurefor �� , and hencefrom Proposition 5.9 of [20] and Theorem 2.3 has the represen-
tation

� (f ) =
Z

C
� (dy) �GC (x; f ) =

Z

C
� (dy)UC (x; f ): (21)

Proving Theorem 1.2 is thus a matter of obtaining appropriate bounds between the kernels
GC (x; f ; � ) and UC (x; f ) for sets with � (C) < 1 , such as ([16], Theorem 5.2) petite sets: elu-
cidating theseand related results occupiesmost of this section.

For any x and f � 1 it is obvious that GC (x; f ; r ) is an increasing function of r . The following
result givesconditions under which the rate of growth may be bounded.

Lemma 4.1 Suppose that GC (x; f ; r ) is bounded on the closed set C for somer > 0. Then there
exists k < 1 such that for any t � 0,

GC (x; f ; t) � GC (x; f ; r ) + kt; x 2 X:

Hence in particular (R(� )) implies (R(t)) for every t > 0.

Pro of Let � k
C (r ) denote the kth iterate of � c(r ) de�ned inductiv ely by

� 0
C (r ) = 0 and � n+1

C (r ) = � n
C (r ) + � � n

C (r ) � C (r ). (22)

We have the simple bound, valid for any positive integer n,

GC (x; f ; nr ) � Ex

hn� 1X

i =0

� � i
C (r )

Z � C (r )

0
f (� s) ds

i

and henceby the strong Markov property and the assumption that the set C is closed,

GC (x; f ; nr ) � GC (x; f ; r ) + (n � 1) sup
y2 C

GC (y; f ; r )

This bound together with the fact that GC (x; f ; t) is an increasing function of t completes the
proof.
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Following discrete time usage[20, 15] a non-empty set C 2 B is called f -regular if

GB (x; f ; � ) = Ex

hZ � B (� )

0
f (� t ) dt

i

is bounded on C for any � > 0 and any B 2 B+ .

The next key result shows that the \self regularity" property R(� ) for C closedand petite actually
implies f -regularity.

Prop osition 4.2 Consider a Harris recurrent Markov process� such that R(� ) holds. Then C is
f -regular.

Pro of Let B 2 B+ , and chooset > 0 so large that for some" > 0, Px f � B � tg � " for x 2 C.
This is possiblesinceC is petite. From Lemma 4.1, we have GC (x; f ; t) bounded on C no matter
how large we chooset.

Let � (k) �= � k
C (t), the kth iterate of � C (t) de�ned in (22). Conditioning on F � (k� 1) and using

induction gives
Px f � B > � (k)g � (1 � " )k ; k 2 ZZ+ ; x 2 C: (23)

We will consider the bound
Ex

hZ � B

0
f (� t ) dt

i
� lim

n!1
Sn (x); (24)

where

Sn (x) �=
nX

k=0

Ex

hZ � (k+1)

0
f (� t ) dt1f � (k) < � B � � (k + 1)g

i

We will exhibit a contractiv e property for the sequencef Sn (x)g which implies that the sequence
is uniformly bounded, and hencethat Ex [

R� B
0 f (� t ) dt] is bounded on C. This together with the

estimate
Z � B (t )

0
f (� t ) dt

�
Z � C (t )

0
f (� t ) dt + � � C (t )

Z � B

0
f (� t ) dt

and the strong Markov property will complete the proof of the proposition.

We have for any n � 1,

Sn (x) = Ex

hZ � (1)

0
f (� t ) dt1f 0 < � B � � (1)g

i

+
nX

k=1

Ex

hZ � (1)

0
f (� t ) dt1f � (1) < � B g� � (1) 1B(k)

i

+
nX

k=1

Ex

hZ � (1)+ � � (1) � (k)

� (1)
f (� t ) dt1f � (1) < � B g� � (1) 1B(k)

i

(25)
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where B(k) �= f � (k � 1) < � B � � (k)g.

By conditioning at time � (1) the �rst two lines on the RHS of this inequality may be bounded by

Ex

hZ � (1)

0
f (� t ) dt

i �
1 +

1X

k=1

sup
x2 C

Px f � B > � (k � 1)g
�

� (1 + " � 1)Ex

hZ � (1)

0
f (� t ) dt

i
(26)

where " is de�ned above equation (23).

The last line on the RHS of (25) is bounded in a similar way: by conditioning at time � (1) we may
bound this term by

Px f � (1) < � B gsup
y2 C

nX

k=1

Ey

hZ � (k)

0
f (� t ) dt1f � (k � 1) < � B � � (k)g

i
;

which is identical to Px f � (1) < � B gsupy2 C Sn� 1(y). This together with (23), (25), and (26) implies
that

sup
x2 C

Sn(x) � (1 � " ) sup
x2 C

Sn� 1(x) + sup
x2 C

(1 + " � 1)Ex

hZ � (1)

0
f (� t ) dt

i
:

Sinceby de�nition Ex

hR� (1)
0 f (� t ) dt

i
= GC (x; f ; t) this shows that supf Sn (x) : n 2 ZZ+ ; x 2 Cg <

1 , and henceEx [
R� B

0 f (� s) ds] is bounded on C, which completesthe proof.

Setswhich are f -regular are not hard to locate. We have

Prop osition 4.3 (i) If C is f -regular then C is petite.

(ii) Suppose that C is closed and f -regular. Then for each n the set

Cn = f x : GC (x; f ) � ng

is f -regular wheneverit is non-empty, and the union of the f Cn g is ful l. Hence, in particular,
there exists a closed petite f -regular set.

Pro of (i) Let C be f -regular, and let A 2 B+ be any other closedpetite set. For any positive
measurablefunction g we have the bound, valid for any x 2 X,

R(x; g) � Ex

hZ 1

� A

g(� s)e� s ds
i

= Ex [e� � A R(� � A ; g)]

Taking g =
P

2� nRn� 1( � ; A) any applying Jensen'sinequality we seethat for any x

1X

n=1

2� n Rn(x; A) � exp(Ex [� � A ]) inf
x2 A

1X

n=1

2� nRn (x; A)

13



Since A 2 B+ and A is petite, it follows that the in�m um is strictly positive. By regularity the
exponential is bounded from below on C, and hence

inf
x2 C

1X

n=1

2� nRn (x; A) > 0

which shows that C is petite from Lemma 3.1 of [16].

(ii) Since C is f -regular it is  a-petite for a distribution a with �nite mean m(a) by Proposi-
tion 3.4(ii). By Lemma 4.1 we have for somek < 1 , and any t � 0

P tGC (x; f ; � ) � GC (x; f ; � + t) � GC (x; f ; � ) + (� + t)k

and hencefor any x 2 C,
Z

 a(dy)GC (y; f ; � ) � K aGC (x; f ; � )

=
Z 1

0
P t GC (x; f ; � ) a(dt)

� GC (x; f ; � ) + k[m(a) + � ] < 1

Hencealso
R

 a(dy)GC (y; f ; 0) < 1 , and since  a is maximal this shows that the set of all x 2 X
for which GC (x; f ; 0) is �nite is full.

That Cn is f -regular follows immediately from the inequality

Z � B (� )

0
f (� s) ds �

Z � C

0
f (� s) ds + � � C

Z � B (� )

0
f (� s) ds

and the strong Markov property.

We can now connect f -regularity of a set C with the condition that supx2 C UC (x; f ) < 1 , which
is what we needin order to use(21).

Prop osition 4.4 For a Harris recurrent Markov process � the following implications hold for a
set C 2 B:

(i) If C is petite and supx2 C UC (x; f ) < 1 then C is f -regular and C 2 B+ .

(ii) If C is closed and f -regular, and if C 2 B+ , then supx2 C UC (x; f ) < 1 and C is petite.

Pro of (i) It follows from Proposition 3.4 and Theorem 2.3 (i), together with Theorem 11.3.14
of [15] that C is f -regular for the R-chain. That is, UB (x; f ) is bounded on C for any B 2 B+ .

Hencefor someconstant M B and all x 2 C,

M B � Ex

hZ 1

0
exp

�
�

Z t

0
1f � s 2 B gds

�
f (� t ) dt

i

14



� Ex

hZ � B (� )

0
exp

�
�

Z t

0
1f � s 2 B gds

�
f (� t ) dt

i

� Ex

hZ �

0
e� � f (� t ) dt

i
+ Ex

hZ � B (� )

�
e� � exp

�
�

Z t

�
1f � s 2 B gds

�
f (� t ) dt

i

= Ex

hZ �

0
e� � f (� t ) dt

i
+ Ex

hZ � B (� )

�
e� � f (� t ) dt

i

= e� � G�
B (x; f )

which shows that (i) holds.

(ii) By Proposition 4.3 the set C is  a-petite with  a(C) > 0 sothat Px f � C = 1g = � is bounded
from below for x 2 C. Hence,again using the fact that C is petite, there exists T > 0 and � < 1
such that

sup
x2 C

Ex

h
exp

�
�

Z � C (T )

0
1f � s 2 Cgds

� i
� sup

x2 C
Ex

h
exp

�
�

Z T

0
1f � s 2 Cgds

�i

= � ; (27)

and by f -regularity and  -positivit y of the set C we have for any T,

sup
x2 C

Ex

hZ � C (T )

0
f (� t ) dt

i
< 1 (28)

To avoid dealing with possibly in�nite terms, let h: X ! IR+ be a measurablefunction for which

h(x) � 1C (x) and inf
x2 X

h(x) > 0;

and �x N � 1. Then we may approximate as follows:

Ex

hZ 1

0
exp

�
�

Z t

0
h(� s) ds

�
N ^ f (� t ) dt

i

� Ex

hZ � C (T )

0
f (� t ) dt

i

+ Ex

hZ 1

� C (T )
exp

�
�

Z t

0
h(� s) ds

�
N ^ f (� t ) dt

i

(29)

and each of theseterms is �nite sinceh is strictly positive. Once we obtain the desiredbounds we
will let h # 1C and N " 1 .

The secondterm on the right hand sideof (29) can be boundedas follows, using the strong Markov
property:

Ex

hZ 1

� C (T )
exp

�
�

Z t

0
h(� s) ds

�
N ^ f (� t ) dt

i

= Ex

hZ 1

� C (T )
exp

�
�

Z � C (T )

0
h(� s) ds

�
exp

�
�

Z t

� C (T )
h(� s) ds

�
N ^ f (� t ) dt

i
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= Ex

h
exp

�
�

Z � C (T )

0
h(� s) ds

�
E� � C ( T )

hZ 1

0
exp

�
�

Z r

0
h(� s) ds

�
N ^ f (� r ) dr

ii

� Ex

h
exp

�
�

Z � C (T )

0
h(� s) ds

�i
sup
y2 C

Ey

hZ 1

0
exp

�
�

Z r

0
h(� s) ds

�
N ^ f (� r ) dr

i

where in the last inequality we have used the assumption that C is closed, so that � � C (T ) 2 C.
Hence,using (27), we have from this and (29),

sup
x2 C

Ex

hZ 1

0
exp

�
�

Z t

0
h(� s) ds

�
N ^ f (� t ) dt

i
� sup

x2 C

Ex

hR� C (T )
0 f (� t ) dt

i

1 � �
< 1 (30)

Letting h # 1C and N " 1 we seethat supx2 C UC (x; f ) < 1 by monotone convergence,which
proves the result.

Pro of of Theorem 1.2

To seethat (i) =) (ii), observe that if R(� ) holdsthen wehave from Proposition 4.3 that there exists
an f -regular closedset C 2 B+ . Then UC (x; f ) is boundedand C is petite by Proposition 4.4 (ii).
Hence� (f ) is �nite from (21).

Conversely, if � (f ) < 1 we have from (21), Theorem 10.4.6 of [15] and Theorem 2.3 (i) that
UC (x; f ) is boundedon somepetite set C, and that this implies (i) follows from Proposition 4.4 (i).

5 Commen ts and Extensions

The emphasisof this paper hasbeenon the characterization of Harris recurrenceand its re�nements.
From an applications point of view, it is important to obtain conditions under which bounds such
as (R(� )) hold.

In discrete time such boundsfollow from generalizedforms of Foster-Lyapunov criteria [15] applied
to the one-steptransition laws P. For processesin continuous time, it is more natural to construct
bounds by considering the in�nitesimal generator for the process. If a drift towards the \center"
of the state spacecan be establishedusing the generator, then an application of Dynkin's formula
immediately givesboundssuch as(R(� )) (see[18]). Even if the generatorcannot beeasilyanalyzed,
a stabilit y proof often yields as a by-product bounds such as (R(� )). One such instance is the
stabilit y analysis of generalizedJackson networks given in [14, 6]. The bound (R(� )) is veri�ed
in thesepapers using a \long time window" stabilit y proof, since it is not possibleto establish an
in�nitesimal drift for the Markov processunder consideration in theseapplications.

We have not discussedhere the rich ergodic theory which is a consequenceof these results, and
which is often the reasonfor interest in Harris recurrence.Several ergodic theoremswhich are based
upon the results presented here may be found in [7, 17, 18], and we concludewith two signi�cant
applications of the results proved above.
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A Markov process� is called ergodic if an invariant probabilit y � exists and

lim
t !1

kP t (x; � ) � � k = 0; x 2 X;

where k � k denotes the total variation norm. Unlike their discrete time counterparts, Harris
recurrent processesdo not always possessthe ergodic property even when � is �nite, and additional
conditions on the processare required to obtain ergodicity.

If � is ergodic then it follows that the skeleton chain f � � n : n 2 ZZ+ g is also ergodic for each
� > 0. Results linking ergodic results of the processand its skeletonsare well known for countable
spaceprocesses.In a generalsetting, in [23] it is shown that under somecontinuit y conditions (in
t) on the semigroup P t , ergodicity of the process� follows from the ergodicity of the embedded
skeletonsor of the resolvent chains. The following extension of those results is taken from [17]: it
indicates the value of criteria for positive Harris chains such as those we have presented above.

Theorem 5.1 If � is positive Harris recurrent and if someskeletonchain is irr educible, then �
is ergodic.

By generalizing the kernel Uh further we can also obtain conditions which ensure that P t (x; f )
converges to � (f ) at an exponential rate, even when the function f is unbounded. Although
the kernels Uh and Rh of Section 2 have only been de�ned with h � 0, there is no reasonwhy
the functions h and k cannot take on negative values in the de�nitions of Uh and Rh , and in
Theorem 2.2. This observation is crucial in the application to analysis of exponentially ergodic
chains in [7], from which we take

Theorem 5.2 For a function V � 1, suppose that there exists a closed petite set C and � ; " > 0
such that

Ex

hZ � C (� )

0
e"t V(� s) ds

i

is everywhere �nite and bounded on C. Then � is positive Harris recurrent with invariant prob-
ability � . If a skeleton chain is irr educible, then there exists M < 1 , � < 1 such that for any
measurable function jf j � V and any x 2 X,

jP t (x; f ) � � (f )j � M Ex

hZ � C (� )

0
e"t V(� s) ds

i
� t ; t � 0
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